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Nonlinear dynamics optically induced in nematic liquid crystals

G. Russo, V. Carbone, and G. Cipparrbne
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(Received 21 March 2000

We report the analysis of the dynamical regimes induced in a homeotropically aligned nematic liquid-crystal
layer when ans-polarized laser beam impinges at a small incident angle. These regimes are studied by
analyzing the time series of the variation of the polarization state of a light probe beam, recorded at different
light intensities. A detailed description of the dynamical regimes, based on the analysis of the wavelet trans-
forms performed on the observed time series, is presented. We recognize a first Hopf bifurcation followed by
a gluing bifurcation, and a further transition toward an irregular regime. Similarities between our experimental
results and a scenario of transition to chaos via a sequence of gluing bifurcations have been discussed.

PACS numbd(s): 61.30—v, 05.45—-a, 42.65-k

INTRODUCTION enon requires a more detailed study since it is interesting not
only from the point of view of nonlinear optics of liquid
The dynamics of nonlinear interactions between a nematierystals, but also from that of basic theory of chaos. To this
liquid crystal (NLC) and an intense optical field has beenaim, in the present paper, we will report a detailed analysis
extensively studied in the past yeft], even if for some Of the observed regimes, performed through the wavelet
experimental geometry a deep understanding of the phenorifansforms of time series, and other usual tools of nonlinear
ena needs some more careful analysis. In particular a veghalysis.
interesting and rich dynamics can be observed in the case of
an ordinary wave that impinges with a small angle on a ho-
meotropically aligned nematic liquid-crystal fild2]. For
this experimental geometry, there are evidences of persistent Using the experimental setup described[#], we per-
stochastic oscillations of the diffraction rings, observed informed the reported measurements. The sample wasuarv5-
the far field pattern of the transmitted beam. This phenomNLC (E7 by MercK cell. A probe beamHe-Ne lasey, is
enon is very interesting and very easy to be reproduced, b&ent at normal incidence on the NLC film and focused on the
ing only the result of the nonlinear coupling between thesample by a focal length shorter than that of the pump beam
NLC birefringence and the intense optical field. The phe-(Ar™" lase) in order to investigate a small region in which
nomenon is then described by the “nematodynamics” equathe molecular dynamic is induced. The polarization of the
tions, coupled with the Maxwell equations describing thetransmitted probe beam is analyzed by a four-detector polar-
optical field. There are then some difficulties to solve thisimeter(FDP), which allows us to measure the Stokes param-
highly nonlinear system of equations, and models areeters. The FDP has been extensively describddfinFrom
needed. A model of this kind has been proposed by Demetahe acquired time series of the measured Stokes parameters
and Kramer[3], whose simulations show a transition to S;,S,,S,,S; we calculatg5] the azimuthal angle of the ma-
chaos via a sequence of successive gluing bifurcations.  jor axis ® and the ellipticitye:
In a recent papd#], we built up an experimental tool that
allows us to investigate the light transmitted by a NLC film

EXPERIMENT

during the induced molecular reorientation. In our experi- =Earct376§

ment, a pump-probe technique and a four-detector polarime- 2 S

ter (FDP) allowed us to measure, with a good spatial and

temporal resolution, the time evolution of the polarization 1

state of the probe beam. The measurements show a sequence e=tan|§arcsir{—82+—2+—m} ]
of very interesting dynamical regimes in the polarization (S1+55+S3)

state. In fact, as the pump beam intensity is increased, the

time evolution of the polarization state evolves from a peri-The measurements were performed at fixed incidence angle

odic regime toward a stochastic one through a series of bief about 5°. The external control parametergs1/1y,,

furcations. The preliminary analyses reported4fh suggest wherel is the pump beam light intensity amgl is the optical

that the system exhibits a transition to chaos as the contrdfrealericksz transition(OFT) threshold for normal inci-

parameter(the light intensity increases. However, if deter- dence.

ministic chaos would occur in our experiments, the system For a good identification of the different dynamical re-

would follow a very unusual route toward that chaotic re-gimes induced in the system, the incident laser power is in-

gime. For this reason, we think that the observed phenomereased by small steps of the order of 6 mW, which corre-
sponds tgp~0.08. Among all measurements we performed,
we show here those corresponding to bifurcations represen-

*Corresponding author. tative of the different dynamical regimes.
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ANALYSIS OF THE DYNAMICS
Mathematical tools 3,107 4 L
As described in4], the observed time series have ap-
proximately the same behavior for bottand ®. Therefore ]
we choose to report the analysis of the encountered regimes 3x107° 7
only for the ellipticity e [see Figs. (a), 4(a), 7(a), 10(a), and §
12(3a)]. g ]
To search for characteristic frequencies, we use the wave- 3x10” Jm'"""l'|'mml"mlm'm"mml"'"l"
let transforms, which are mathematical tools that can unfold ' ‘ '
time series into time and frequeng§]. The wavelet trans-
form W(a,t) of a signalf(t) is defined ag6] & 000 @)
g -0.05
W(a,t)zf w,(t—7)f(7)d7, g -0.10+
S os{ ;
2500 2750 3000 3250 3500
where the functionv,(t) is the analyzing wavelet. The func- t(s)

tionsw,(t) are localized in time and frequency and the de-

composition is obtained by dilating or contracting the wave- FIG. 1. We report the time serieft) (a) and the contour map

let before convoluting it with the signal. In this paper, we useof normalized wavelet coefficient®(a,t) =w(a,t)/|w(a,t)|max in

the Morelet wavelet, defined through the time-frequency plang) for p=1.8. Dark regions correspond to
values|W(a,t)|=1, white regions correspond {d/(a,t)|=0. We

2 used 15 steps between these extreme values.

t 1

w,(t)= Jaexp[zwi 5 !

a

<1.9, the variation in time of the polarization state shows a
regular oscillating pattern around negative values ¢ee
The wavelet acts as a filter, that i8,(t) selects the compo- Fig. 1(a)].

nents off(t) that correspond to the frequencies in the range Looking at the normalized wavelet coefficieniga,t)

of amplitudeAf~1/a, and centered if=2=/a. Then the =w(a,t)/w(a,t) . [Fig. 1(b)], we can recognize some
coefficientW(a,t) assumes an high value when there is acharacteristic frequencies. This is a well-defined periodic re-
contribution of the signal at the frequentwnd at timet. gime even if the oscillations appear to be not sinusoidal. The

The advantage with respect to the usual Fourier transsignal is made by two main frequencies characterized by the
forms lies in the fact that the formers, describing local prop-highest absolute values of the wavelets coefficients. In Fig.
erties of the signal, allows us to detect short-living structures2, we report the time evolution of the wavelet coefficient
while with the latter one obtains only global information. We Ww(a,t) for both frequencied,=26 mHz andf,=52 mHz.
report also a two-dimensional representation of the attractoras shown in Fig. 2, the signal can then be described by a
of the time seriex(t) (see Figs. 3, 6, 8, 11, and 18%r

better information about the dynamics in the phase space. 1.0
The attractors are reconstructed using the Takens méHod
that is based on the construction of a vect(r) in the em- 0.5
bedding phase space 0.0
K(t)=[e(t),e(t+7),e(t+27),....e(t+(de—1)7)] @ -05-
c
, _ _ , , , 3 10 :
in which 7is an appropriate time delay add is the embed- 2 2500 2750 3000
ding dimension. Usually is the time that corresponds to the S (a)
first zero of the autocorrelation function. =
s 1.0
Experimental results = 05-
First of all, if p<1.0 we did not observe any variation of 0.0-
the probe-beam polarization state, with respect to the case of
undisturbed nematic sample. That is, when1.0, no direc- <051
tor distortion was induced. In the range £.p<<1.6, the po- 1.0 :
larization state reaches a stable state when the pump beam is 2500 2750 3000
switched on. This state is different when compared to the (b) t(S)

undisturbed sample. This is a stable stationary state, indicat-

ing that the molecular director reaches a distorted steady FiG. 2. We report the time evolution of wavelet coefficients
state. A f|Xe_d point in the phase space represents this situg@q(a,t) for two different frequencies, namelyy=26 mHz (a) and
tion. After this state, the system bifurcates toward a new state, =52 mHz (b). These frequencies correspond to the highest abso-
where a periodic oscillation appears. In fact, for 4@ lute values of wavelet coefficients fpr=1.8.
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FIG. 3. The reconstructed attractor in the phase space for 0.00+
=1.8, that is,e(t+ 7) vse(t) for =9 s. 0.151
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sum of two main modes: a periodic functipiig. 2(a)] and © t(s)

periodic pulsegFig. 2(b)].

In the phase space, the transition from the distorted steady FIG. 5. We report the time evolution of wavelet coefficients
state to regular oscillations corresponds to an Hopf bifurcav(a,t) for three different frequencies, namelig=0.25 mHz(a),
tion and the attractor of the time series becomes a limit cyclé, =21 mHz(b), andf,=63 mHz(c). These frequencies correspond
(Fig. 3 as on attends for a periodic regime. In the rangeto the highest absolute values of wavelet coefficientspferl.9.
1.9<p<2, we observe a regime characterized by time inter-
vals during which the oscillations are centered on both posito higher. This suggests that a low-frequency modulation is
tive and negative values of [see Fig. 48)]. During this  the source of the switching between the two polarization
regime it is possible to observe two equilibrium states charstable states. In Fig. 5 we report the time evolution of the
acterized by a left elliptical polarization and a right elliptical three characteristic frequencies with the higher absolute
polarization. These states are unstable in the sense that thglue of the wavelet coefficients, namefy=0.25 mHz, f,
system oscillates between both states, and the changes hap21 mHz, andf,=63 mHz, respectively. As it can be seen
pen at random times. This is of course a new periodic rethe signal can be still represented as a sum of a periodic
gime, but looking at the wavelet coefficierfsig. 4b)] we  function[Fig. 5a@)], periodic pulse$Fig. 5b)], and a nonpe-
can observe the birth of very intense low-frequency comporiodic low-frequency contributiodFig. 5c)]. However, in
nents while the high frequencies components are now weakhis case the low-frequency modulation is the nonperiodic
Nevertheless the wavelet transform emphasizes few interesfominant contribution, and this determines the switching be-
ing characteristics. As shown in Figib}, the signal is totally  tween positive and negative values.
driven by the low-frequency components. In fact, when a The attractor in the phase space is made by two cycles
change in the sign of the ellipticitg(t) occurs, we observe a (Fig. 6) in which the phase trajectories are confined for a
spike that involves a wide range of frequencies, from lowergiven time. This time corresponds to the duration of the in-
terval in which oscillations are either positive or negative.
When e(t) changes sign, the system jumps on the other
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FIG. 6. The reconstructed attractor in the phase space for
FIG. 4. The same as Fig. 1 far=1.9. =1.9, that is,e(t+ 7) vse(t) for =100s.
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FIG. 7. The same as Fig. 1 far=2.3. The attractor shows a gradual disruption of the regular

structures observed in the previous regimes, and it covers a
cycle, where it remains for a given tinien general different larger area in the phase spa@ee Fig. 11 This regime
from the previous one As a characteristic feature, we ob- represents the transition to a stochastic dynamical behavior
served that the average time intervals during which the systhat occurs for higher valugs>3.0[Fig. 12a)].
tem is confined to a single polarization state tends to de- In the wavelet coefficient masee Fig. 1th)] as the sto-
crease ap increases. This behavior suggests that we arehastic regime appears, we can observe a continuous-
observing a transition toward a new regime characterized bjrequency spectrum and an irregular splitting of frequencies,
regular oscillations between the two polarization states abovieom lower to higher. In this regime, a disordered set of point
mentioned. This new regime, shown in Figa)/ is observed constitutes the attractor in the phase spdédg. 13.
in the range 2 p<2.6. The transition between the periodic = The measurements we described show the evidence of a
regime atp<1.9, and the new periodic regime which we rich dynamical behavior that requires a more detailed inves-
observe whem=2, is due to a different kind of bifurcation, tigation, mainly as concern the physical description of the
because both periodic regimes are not exactly the same in tleequence of bifurcations which, to our knowledge, are never
phase space. We will discuss this later. Looking at the waveebserved up to now. In fact, the results of our preliminary
let coefficients magFig. 7(b)], we can recognize that the analysis, that is the wavelet transforms and the reconstruc-
transition represents a kind of “self-organization” of the sig- tion of the phase space, suggest the presence of a transition
nals. In fact, the measured quantity is periodic for 1.8,  to a chaotic behavior in the measured quantities, as the con-
looks to be “quasistochastic” fop=1.9 (in the sense that trol parameter increases.
some low frequencies are visibleébut is again periodic for

p=2.3. All frequencies, which were visible in Fig(k}, are 10

completely suppressed far=2.3, and the coefficients map 0.5

[Fig. 7(b)] is very similar to those of the first periodic dy-

namical regime[Fig. 1(b)]. Nevertheless, a difference be- 0.0

tween this new regime and the caseatl.8, is the birth of 051

an intense activity at higher frequencies, as shown in Fig.

7(b). In the phase space, the two previous cycles are now -1.0 -
merged forming a single limit cycléig. 8) more structured ?g\ (a7)°°° 7250 7500
and covering a range in the phase space that is wider than 5

that shown in Fig. 3 fop=1.8. This regular regimé¢Fig. S 04

7(a)] can be observed up to the valpe=2.6. Even in this 8

case, we can build up the signal with a periodic function P 0-21
(fo=18mHz) [Fig. 9a)] and a function made by some pe- <3

0.0
riodic pulses with stochastic amplitudgsig. 9b)]. 1

As shown in Fig. 1(8) in the range 2.6 p<3.0, we ob- -0.2+
serve a new irregular sequence of time oscillations, which 04 . |
looks to be similar to that observed for £9$<2. Even in 7000 7250 7500

this case, the wavelet coefficients njape Fig. 1(b)] shows (b) t(s)

the presence of intense low-frequency structures, which de-

termines the modulation in the amplitude of the signal. Nev- FIG. 9. We report the time evolution of wavelet coefficients
ertheless in this case the switching between intervals imv(a,t) for three different frequencies, namely=18 mHz (a), f;
which the system reaches a single polarization state is less85 mHz(b). These frequencies correspond to the highest absolute
pronounced. values of wavelet coefficients for=2.3.
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FIG. 12. The same as Fig. 1 fpr=4.1.

FIG. 10. The same as Fig. 1 fpr=2.8.

In a recent papef3], Demeter and Kramer proposed a
model for the director dynamics induced in our experimentaKramer([3]. In fact as the control parameter is increased, our
geometry. Using the equations describing the coupling bemeasured quantities, that are related to the orientation of the
tween a nematic liquid crystal and an optical field, they ob-molecular director{8], show a stationary reoriented state,
tained a set of truncated nonlinear differential equationsfollowed by an Hopf bifurcation. The successive regime
Simulations of the equations so obtained show that as th€l.9<p<2) could be interpreted as driven by a gluing bi-
intensity field is increased, the system reaches a chaotic stafigrcation. In fact, the phase space is made by two limit
through an unusual route to chaos via an infinite sequence @f/cles that merge at the origin. In fact, every time the mea-
“gluing” bifurcations. According to the scenario proposed sured quantity switches from positive to negative values, or
in that paper[3], as the light intensity exceeds the OFT vice versgFig. 4a)], the point representing the system state
threshold, a stationary reoriented state occurs. Further ein the phase space, jumps from a limit cycle to the other one
hancement of the control parameter induce a Hopf bifurca¢Fig. 6). Note that, when the system lies near the origin, the
tion and two simple limit cycles appear in the phase spacegxperimental noise acts as a weak perturbation and this de-
which are mutual images under the transformation that keepgermines what is the limit cycle in which the phase trajecto-
account of the liquid crystalLC) molecules inversion sym- ries will be confined for a given time interval.
metry. As the light intensity is increased, the two limit cycles  After this bifurcation (2<p<2.6), we observe a reorga-
merge in a gluing bifurcation at the origin that represents anization of the signal and a fusion of the two-limit cycle
saddle point. Increasing the control parameter, the two limiforming another one more complex, which can be interpreted
cycles split and two new asymmetric limit cycles appear.as the periodic regime after the first theoretic gluing bifurca-
The sequence of splitting and remerging of the limit cyclestion. However, as the intensity is increased, we do not ob-
continues until the control parameter reaches a limit valueserve further gluing bifurcations, but we observe a transition
after which the motion becomes chaotic. toward an irregular stochastic regime.

Looking at our experiment, we can observe very interest- To investigate this last regime, we use the usual tools for
ing analogies with the picture proposed by Demeter andhe reconstruction of the dynamical properties of a measured

0.2 02
0.1 0.1
£ 5
;!-_,P 0.04 ) 0.0
\q')’ (0]
-0.14 -0.1
02 : . .
VX1 o0 o1 02 02 01 00 01 02

e(t) e(t)

FIG. 11. The reconstructed attractor in the phase space for FIG. 13. The reconstructed attractor in the phase space for
=2.8, that ise(t+ 7) vse(t) for 7=5s. =4.1, that is,e(t+ 7) vse(t) for 7=2s.
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chaotic time series that consists of two steps: the determina- .
tion of the largest Lyapunov exponent of the trajectories em- 1. s
bedded in the phase space and the fractal dimension of the
attractor. We calculated the Lyapunov expon&ntf the
time seriese(t) using the Wolf method9]. This method
allows us to calculate the average rate of the divergence of
the trajectories on the attractor in the embedding phase 1 3
space. Using time series measurements in the regular re- . . . ‘ .
gimes (1.6<p<3.0) the Lyapunov exponent seems to con- -16 -12 08 04 00 04
~1, close to zero as we Log,,(r)

[
—
L
X 4 & x »
Qo
)

Log,,[C(N]

]
w
-

A

—_~
©
~

verge toward the valua~10"°s
expect for a periodic signal, whereas for measurements in the
irregular regimes 4>3.0) we found a convergence toward
A~10"%s"1 The last value of does not suffice to establish s
whether either deterministic chaos or a stochastic random 4 . *
phenomenon drives the dynamic of the polarization state for \Y .

higher values of the intensity. In fact, two fundamental prob- 3] £

lems, depending on the experimental conditions, occur in the
determination of the Lyapunov exponeril) The experi-
mental noise could mask the real nature of the attra®r; 2 7 5 3 P 12
the finite length of the time series is not long enough to (b) d,

realize a correct analysis. In fact, a limited time series in a

system with a SIOW. dynamics, does not provide a Suﬁlplent FIG. 14. (8) log,J C(r)] vs log(r) for different values of the
number of trajectories on the attractors for a correct estlmatgmbeololing dimensiode; (b) correlation dimension vs dg.

of the Lyapunov exponent. Unfortunately, the measurements

O.f longer time series are prevented .by experimental Iimita'dimension continue to increase, so that we cannot affirm that
tions. In fact when the irregular regimes occurred, we 0bspo qyractor in the phase space has a typical dimension. Even

served that the molecular anchoring is broken after a few, yis case experimental problems do not allow us to deter-

_hc:jurs. dT.h'S hphenomen_on can be attrlbulte(: to the dynami ine whether chaos occurs in our experiment or a stochastic
induced in the system in our geometry. In fact, we repeate egime is reached.

the experiments with the same high intensity valgeby

using normal incidence of the laser beam. In this geometry,

we observe a distorted stable stationary state of the molecu- DISCUSSIONS AND CONCLUSIONS

lar director[1]. We found that the molecular anchoring per- | ihe present paper, we reported the analysis of the dy-
sist_s for a longer period with respect to the period of our time, 4 mical regimes optically induced in an NLC fim as the
series. intensity of a laser beam increases. We use an experimental

To make an estimate of fractal dimension of the irregularSetup based on a pump-probe technique and a four-detector-
attractor p=>3.0) we have used the well-known method pro- 5o\arimeter. This apparatus allows us to get information with

posed by Grassberger and Proca¢ti@ that consists of the 3 \ery good temporal end spatial resolution on the variation
calculation of the correlation dimensiorby means the cor- i, the polarization state of the probe laser beam by measur-
relation sumC(r) defined by ing the time evolution of the Stokes parameters. Measure-
c(r) ments show a rich variety of dynamical regimes as the pump
intensity increases. The sequence of bifurcations we observe
1 [the number of pairs’(t;) andf(t;) such tha is very interesting_and de;;erves f_urther sf[udies_. _The analysis
= N2 | the distance among the pair is less than I of the observed time series at different intensities suggests
the presence of a transition toward a chaotic regime in the

system. Unfortunately, an estimate of the maximum

H(r —|Fi—73), Lyapunov exponent d0e§ not allow us_to'confirm whether or
not deterministic chaos is present. This is due to severe ex-

perimental limitations, that is a slow dynamics with some

in which N is the total number of points on the attractor andnoise and a limited possibility to get longer time series, due

H is the Heaviside function. to the breaking of the molecular anchoring.

As Grassberger and Procaccia showed, the correlation di- As a comparison, we recover very surprising qualitative
mensionv of the attractor can be found from the scaling analogies between our experimental results and the scenario
relation C(r)~r"”. If the embedding dimensiodg is large  proposed by Demeter and Kramg8]. In particular, we
enough(in general it suffices thalg>2v+ 1), the slope of found good agreement at least for small intensity values.
the plot settles down to a value that does not dependgon  Perhaps this is due to the fact that the approximations in Ref.
In Fig. 14(a), the curves log| C(r)] vs log(r) are plotted [3] are consistent only for small. We think that the model
for different values oflz. Then we calculated the value of  proposed by Demeter and Kram&] is able to predict the
by a least-squares fit in the linear range of the plots, and thérst Hopf bifurcation and the subsequent gluing bifurcation.
values ofv as a function of the embedding dimensions areFor large values op, that is when several diffraction rings
reported in Fig. 1&). As it can be seen, the values of the are visible, the small angle approximation used in the model

[#]

1
=2,

M =z
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[3] is no longer satisfied. Moreover, the sequence of bifurca- ACKNOWLEDGMENTS

tions values for the intensity parameter, predicted for the

gluing sequence, accumulates in a very small range that de- The authors are grateful to Dr. C. Versace and Dr. G.
pends on the incidence angle. On the other hand, experimestrangi for the building of the four-detector polarimeter. We
tal results cannot give a clear indication whether further gluare also grateful to professor P. Palffy-Muhoray for useful

ing bifurcations and chaos is present in the experimenigiscussions and to Dr. Gabor Demeter for sending us his
Further experimental results are underway with different innapers prior to publication.

cidence angles, in order to achieve a finer scanning with
longer time series.

[1] N. V. Tabiryan, A. V. Sukhov, and B. Y. Zel'dovich, Mol.  [6] M. Farge, Annu. Rev. Fluid Mect24, 395 (1992.

Cryst. Lig. Cryst.136, 1 (1986. [7] F. TakensPynamical Systems and Turbulence, Warwigc-
[2] G. Cipparrone, V. Carbone, C. Versace, C. Umeton, R. Bar-  ture Notes in Mathematics Vol. 89&pringer, Berlin, 1980

tolino, and F. Simoni, Phys. Rev. &7, 3741(1993; V. Car- p. 366.

bone, G. Cipparrone, C. Versace, C. Umeton, and R. Bartolino, [8] D. W. Berreman, J. Opt. Soc. Ari2, 502(1972; P. Allia, M.

ibid. 54, 6948 (1996; E. Santamato, P. Maddalena, L. Mar- Arlone, C. Oldano, and L. Trossi, Mol. Cryst. Lig. Cry&&9,

rucci, and B. Piccirillo, Lig. Cryst25, 357(1998, and refer- 253 (1990; K. Eidner, G. Mayer, M. Schmidt, and H.

ences therein. Schmiedeljbid. 172, 191 (1989.

[3] G. Demeter and L. Kramer, Phys. Rev. L&8, 4744(1999.

[4] G. Cipparrone, G. Russo, C. Versace, G. Strangi, and V. Car-
bone, Opt. Communl73 1 (2000.

[5] R. M. A. Azzam and N. M. Bashar&llipsometry and Polar-
ized Light(North-Holland, Amsterdam, 1977

[9] A. Wolf, J. B. Swift, H. L. Swinnwy, and J. A. Vastano,
Physica D16, 285(1985.

[10] P. Grassberger and I. Procaccia, Phys. Rev. L%ff. 346

(1983.



